The quantum-like representation algorithm (QLRA) was introduced by A. Khrennikov [1, 2, 3, 4, 5] to solve the "inverse Born's rule problem", i.e. to construct a representation of probabilistic data-measured in any context of scienceand represent this data by a complex or more general 1 probability amplitude which matches a generalization of Born's rule. The outcome from QLRA will introduce the formula of total probability with an additional term of trigonometric, hyperbolic or hyper-trigonometric interference and this is in fact a generalization of the familiar formula of interference of probabilities.
1 Introduction [16] . The complexity of the problem increases incredibly compared to the two dimensional case, but here we show a class of probabilistic data that generate QL-amplitudes.
It appears naturally to represent quantum physics by hyperbolic numbers (also known as perplex, unipodal, duplex or split-complex algebra) and have application to physics [27] . Hucks shows that a four-component Dirac spinor is equivalent to a two-component hyperbolic complex spinor and that Lorentz group is homomorphic to the hyperbolic unitary group [28] . Ulrych analysis the symmetry of the hyperbolic Hilbert space and representation of Poincaré mass operator in the hyperbolics algera [29] .
The scheme of presentation is the following. We start with observables given by quantum mechanics (QM) and derive constraints on phases which are necessary and sufficient for the QL-representation. Then we use these constraints to produce complex amplitudes and more general (so called hyperbolic) amplitudes from data (of any origin); some examples, including numerical, are given. In this paper we stress the role of hyperbolic amplitudes, i.e., amplitudes valued in a special Clifford algebra, so called hyperbolic algebra, see e.g. [20] .
Trichotomous incompatible quantum observables

Probabilities
Letâ andb be two self-adjoint operators in three dimensional complex Hilbert space representing two trichotomous incompatible observables a and b. They take values a = α i , i = 1, 2, 3 and b = β l , l = 1, 2, 3 -spectra of operators. We assume that the operators have non-degenerated spectra, i.e., α i = α j , β i = β j , i = j. 
Here the observable P a α i = 1 if the result of the a-measurement is a = α i and P a
β are defined in the same way. We have the following relation between events corresponding to measurements
[P
Here the probabilities given by the QM-formalism are
where ψ is a wave function. We also have the conditional (transition) probabilities given by the QM-formalism as
We remark that non-degeneration of the spectra implies that they do not depend on ψ. Moreover, the matrix of transition probabilities is doubly stochastic. We will require the following conditions (compare this with classical probability theory) for these conditional probabilities;
for all j = 1, 2, 3. Here the ψ-dependent conditional probabilities are
Note that p b|a
Clifford algebra (hyperbolic algebra)
As mention before we will consider the complex Hilbert space but also the hyperbolic Hilbert space. Therefore let us define a Clifford algebra called hyperbolic algebra (see [33] ) with the purpose to define the hyperbolic Hilbert space. The formalism for this hyperbolic algebra is similar to conventional complex numbers. This algebra contains expressions as unit circle, Euler's formula and conjugate. Thus, let an element z belong to the hyperbolic algebra G if and only if it have following form;
where
This algebra is a commutative two-dimensional algebra with two orthonormal basis e 0 = 1 and e 1 = 1. The hyperbolic conjugate is defined asz = x − jy where obviouslȳ z ∈ G. Moreover, the square of absolute value is defined by
and therefore will |z| 2 ∈ G , in fact |z| 2 ∈ R. But |z| will not be well defined for z such that |z| 2 ≤ 0. Therefore set
and
Moreover define the argument arg z for z ∈ G * + as
Notice that x = 0, x − y = 0 and
We also define a hyperbolic exponential function
Since cosh θ ≥ 0, elements z ∈ G * + with x < 0 can not be represented by |z|e jθ . Therefore, in order to represent all elements z ∈ G * + put
where ε = x/|x| and arg z = θ . Moreover, this is a multiplicative semigroup. Let
But, when we add two elements z 1 , z 2 ∈ G * + it follows that the existence of elements so that z 1 + z 2 ∈ G * + . Let us analyze for which of the elements
Hyperbolic Hilbert space
A hyperbolic Hilbert space H is a G-linear inner product space. Let x, y, z ∈ H and a, b ∈ G, then consider the inner product as a map from H × H to G having the following properties:
(1) Conjugate symmetry: x, y is the conjugate to y, x
x, y = y, x (2) Linearity with respect to the first argument:
for all y ∈ H if and only if x = 0 In general, the norm ψ = ψ, ψ is not well defined. But we only need the square of the norm ψ 2 = ψ, ψ .
Probability amplitudes
Set ψ β = ψ|e b β . and consider the complex Hilbert space and the hyperbolic Hilbert space. Then by Born's rule p
We have
Thus these amplitudes give a possibility to reconstruct the state. We remark that ψ = ∑ αP a α ψ, hence
Each amplitude ψ β can be represented as the sum of subamplitudes
given by
Hence, one can reconstruct the state ψ on the basis of amplitudes ψ β α . We remark that
In this notations p b|a
Here
and therefore
where |λ ξ αm | = 1 and |λ θ β l αm | = 1. Hence, it follows from (13) and (15) that
We have a system of equations for phases ψ β l α i for i, j, k, l ∈ {1, 2, 3},
Thus, the coefficients of interference λ l,i j can be written by (14) and (18) as
Interference Classification
Note that the coefficients of interference in (20) will take values in R. We divide this into following two cases of interference depending on the absolute value of λ l,i j .
1. Let |λ l,i j | ≤ 1 and in this case put λ ϕ β l α i = e iϕ β l α i , then it straight forward from
) . Thus, by (19) we see that
We refer to this interference as trigonometric interference. 
Here the symbol j is a generator of the Clifford algebra G * + = {z ∈ G : |z| 2 > 0}, (let us call it Hyperbolic algebra). An element z ∈ G * + have the form z = x + jy and the "hyperbolic conjugate" 4 z = x − jy. It is apparent thatz ∈ G * + . We introduce the hyperbolic exponential function
We also use the identities
By (19) it follows that
where ε l,i j = ε l,i ε l, j . We will call this hyperbolic interference.
Formula of total probability with interference term
By using the definition of the amplitude ψ β l α i = ψ|e a α e a α |e b β we obtain Finally, we obtain
Here, if |λ l,i j | ≤ 1 for all l, i, j = 1, 2, 3, i = j then we call this the case of trigonometric interference and the case where |λ l,i j | > 1 for all l, i, j = 1, 2, 3, i = j is called the case of hyperbolic interference. All other cases are combinations of these two cases of interference and is called the hyper-trigonometric interference (i.e. for some l, i, j = 1, 2, 3, i = j, |λ l,i j | ≤ 1 and for the rest |λ l,i j | > 1 ). Equation (24) is nothing else than the formula of total probability with the interference terms. It can be considered [36] as a perturbation of the classical formula of total probability
If all coefficients of interferences λ l.i j = 0, then (24) coincides with (25).
Unitarity of transition operator
We now remark that bases consisting ofâ-andb-eigenvectors are orthogonal; hence the operator of transition from one basis to another is unitarity. We can always select the b-basis in the canonical way
In this system of coordinates the a-basis has the form
The matrix
is unitary. Hence, we have the system of equations
from the condition that U is unitary. The second equations (29) will always hold by (5) and |λ ϕ βmα i | = 1 ,see (15) . The first of this equations (28) can be rewritten by (17) as
where λ ξ α i , λ ξ α k = 0. Thus (31) imply unitarity of U.
Selection of orthonormal bases for the unitarity of transition operator
We now show by example that there exist unitary U satisfying QLRA. Let us choose to work with the case of hyperbolic interference. The same calculations with similar basis can be done with trigonometric interference. When repeating these calculations for trigonometric interference put λ ϕ β l α i = e iθ β l α i . Choose orthonormal a-bases by set-
Since the bases are orthonormal we have that
where i, k = 1, 2, 3. The case k = i give us a system of equations 1 + a 2i a 2k ε 2i ε 2k + a 3i a 3k ε 3i ε 3k = 0, i, k = 1, 2, 3, with solution 
Appendix:
Here we calculate the conditional probabilities
We use (34) 
